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Abstract
We show how higher-genus su(N) fusion multiplicities may be computed as the discretized
volumes of certain polytopes. The method is illustrated by explicit analyses of some su(3) and
su(4) fusions, but applies to all higher-point and higher-genus su(N) fusions. It is based on an
extension of the realm of Berenstein-Zelevinsky triangles by including so-called gluing and loop-
gluing diagrams. The identification of the loop-gluing diagrams is our main new result, since
they enable us to characterize higher-genus fusions in terms of polytopes. Also, the genus-2
0-point su(3) fusion multiplicity is found to be a simple binomial coefficient in the affine level.
1GF and MT were supported in part by NSERC Undergraduate Student Research Awards.
1 Introduction
Recently, methods have been developed for computing su(N) tensor product [1, 2] and fusion
[3, 4] multiplicities based on a generalization of the Berenstein-Zelevinsky (BZ) triangles [5].
The idea is to associate a convex polytope to a multiplet of integrable highest weights (λ, ..., σ).
The discretized volume of the polytope is the (tensor product or) fusion multiplicity associated
to the coupling of the weights (λ, ..., σ) to the singlet.
Ref. [1] describes ordinary three-point tensor products, while [2] extends the results to
higher-point couplings. The extension is obtained by introducing a gluing of BZ triangles,
whereby the triangular configurations are replaced by multi-sided configurations or diagrams.
The dependence on the affine level in fusion may be implemented by associating threshold
levels to the tensor product couplings [6]. Using that idea in the framework of BZ triangles,
allows one to characterize also fusion multiplicities by polytopes. The extra input is an as-
signment of threshold levels to the BZ triangles. That is trivial for su(2), straightforward for
su(3) [7], somewhat complicated for su(4) [8], but believed to be possible for all su(N). Poly-
tope characterizations of fusion multiplicities have been studied in [3, 4, 9]: N -point su(2) and
osp(1|2) fusions are treated in [2] and [9], respectively, while [4] discusses three-point su(3)
and su(4) fusions. One objective of the present work is the extension of the latter results to
higher-point fusions.
Higher-genus fusions may also be characterized by polytopes. The appearance of loops forces
us to introduce a new class of diagrams. We shall call them loop-gluing diagrams, or for short,
loop gluings. In the case of su(2), they were introduced in [3], leading to a characterization of all
higher-genus N -point su(2) fusions by convex polytopes. This was extended to osp(1|2) in [9],
and the second objective of the present work is the extension of it to su(N). The main results
are the identification of the su(N) loop gluings (illustrated for su(4) in (11)), and the explicit
characterization of higher-genus N -point su(3) and su(4) fusion multiplicities as discretized
volumes of certain polytopes.
The characterization of fusion multiplicities as the discretized volume of polytopes, makes
manifest that the multiplicities are non-negative integers. That is a priori not clear when
examining the Verlinde formula [10]. Furthermore, the geometrical interpretation offers a better
understanding of the underlying symmetries and properties of the multiplicities and their level-
dependence. As an example, in [4] it was conjectured that for a fixed triplet of su(N) weights
(λ, µ, ν), the threshold multiplicity has at most one local maximum as a discrete function of
the threshold level. We recall that the threshold multiplicity [11] is the number of different
couplings of the weights (λ, µ, ν) with the same threshold level.
As a computational advantage of our description we mention that it results in fast computer
programs, when the discretized volumes of the polytopes are measured in terms of multiple-
sum formulas. The latter also provide very explicit formulas for the multiplicities, as opposed
to the well-known combinatorial ones as the Littlewood-Richardson rule for tensor products,
for example. More conjecturally, the geometrical interpretation may help toward an extended
Littlewood-Richardson rule for fusion.
Our results are of a high technical complexity. For the benefit of this presentation, we thus
focus on examples and only allude to the general case. It is straightforward to describe, though.
After a brief discussion of BZ triangles and the method of gluing, we introduce the loop-gluing
diagrams in Section 2. An application is considered in Section 3 where we examine the genus-1
1
N -point su(3) fusion multiplicities for generic non-negative integer level. The genus-2 0-point
su(3) fusion multiplicity is worked out explicitly and found to be a simple binomial coefficient
in the affine level. This is believed to be the first concise result on fusion multiplicities for
rank and genus both higher than one. In Section 4 we describe the extension to higher genus
and higher-rank su(N). We pay particular attention to genus-1 0-point fusions for higher rank.
Section 5 contains some concluding remarks, while Appendix A provides details on higher-genus
su(4) fusion multiplicities, with particular emphasis on the genus-1 1-point and genus-2 0-point
fusions.
2 Triangles, gluings and loops
Let us briefly review some results of [1, 2, 3, 4]. We refer to those papers for details.
A BZ triangle is a triangular arrangement of non-negative integers subject to certain con-
straints: the outer constraints depending on the three su(N) weights (λ, µ, ν), and the hexagon
identities which are consistency conditions. According to [5], the number of possible BZ trian-
gles determines the associated tensor product multiplicity Tλ,µ,ν .
By relaxing the constraint that all the Er =
3
2r(r + 1) integer entries are non-negative, one
may express any such generalized BZ triangle T as the linear combination [1]
T = T0 +
i+j=r∑
i,j≥1
vi,jVi,j (1)
Here r is the rank of su(r + 1), while {Vi,j} is the set of associated virtual triangles – one for
each of the Hr = r(r − 1)/2 hexagons. T0 is an initial (generalized BZ) triangle, and the linear
coefficients vi,j are integers. A convenient choice of initial triangle may be found in [1]. A simple
choice of labeling of the virtual triangles follows from
⋆
⋆ ⋆
⋆ vr−1,1 ⋆
⋆ ⋆ ⋆ ⋆
⋆ vr−2,1 ⋆ vr−2,2 ⋆
⋆ ⋆ ⋆ ⋆ ⋆ ⋆
. .
. ...
...
. . .
⋆ ⋆
⋆ ⋆ ⋆ ⋆
⋆ v2,1 ⋆ . . . ⋆ v2,r−2 ⋆
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆
⋆ v1,1 ⋆ v1,2 ⋆ ⋆ v1,r−2 ⋆ v1,r−1 ⋆
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ . . . ⋆ ⋆ ⋆ ⋆ ⋆ ⋆
(2)
A ⋆ denotes an unspecified entry, and we see the hexagon structures surrounding each of the
2
linear coefficients. The virtual triangles correspond to the simple distribution
1
1 1¯ 1¯ 1
1¯ 1¯
1 1¯ 1¯ 1
1
(3)
of plus and minus ones (1¯ ≡ −1) to any given hexagon. All other entries are zero. Re-imposing
the constraint that all entries of T (1) must be non-negative, results in a set of inequalities in
{vi,j}. They define a convex polytope, whose discretized volume is Tλ,µ,ν [1]. A BZ triangle
with all entries non-negative integers is called a true BZ triangle.
Higher-point tensor products may be treated by gluing triangles together. The idea stems
from the well-known decomposition
Tλ,µ,ν,σ =
∑
τ
Tλ,µ,τTν,σ,τ+ (4)
where τ+ is the weight conjugate to τ . In terms of diagrams we have
✁
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆
. .
.
. .
.
. .
.
❆
❆
❆
❆
❆
❆
✁
✁
✁
✁
✁
✁
(5)
where each of the triangles represent a BZ triangle. Along the glued interface, indicated by
dotted lines, the weights must match. We recall that the three weights (λ, µ, ν) of a coupling to
the singlet are related as λ+ µ− ν+ =
∑r
i=1 niαi with ni ∈ ZZ≥. {αi | i = 1, ..., r} is the set of
simple roots. Thus, we are led to introduce gluing diagrams or gluing roots, which correspond to
combining the two BZ triangles (as in (5)) associated to the couplings (0, 0, αi) and (0, 0, α
+
i ),
respectively. Let us illustrate the general construction [2] by listing the two gluing roots for
su(3):
G1 =
0 0 1¯ 1
0 1
0 1¯
0
. .
.
. .
.
. .
.
. .
.
0 0 0 0
1¯ 0
1 1¯
1
G2 =
0 0 0 0
0 1¯
1¯ 1
1
. .
.
. .
.
. .
.
. .
.
1 1¯ 0 0
1 0
1¯ 0
0
(6)
The extension to N -point couplings, N > 4, is straightforward. We are thus extending triangles
to N -sided diagrams D, and (1) is replaced by
D = D0 +
N−2∑
a=1
i+j=r∑
i,j≥1
v
(a)
i,j V
(a)
i,j −
N−3∑
a=1
r∑
i=1
g
(a)
i G
(a)
i (7)
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The initial diagram D0 is easily described, see [2]. The label a runs over the participating
triangles or gluings, respectively, while the sign in front of the last term merely is for convenience.
Fusion multiplicities are determined from the tensor product multiplicities and the associated
multi-set of threshold levels {t} [6]. In order to extend our polytope characterization of tensor
product multiplicities to fusion multiplicities, we need a prescription for assigning a threshold
level to a BZ triangle. That is trivial for su(2), and was worked out for su(3) in [7] and for
su(4) in [8]. The extension to higher rank is not known explicitly, but believed to exist.
Assigning a threshold level t to a triangle T amounts to expressing t in terms of the entries of
T . In the known cases, t is given as a maximum over simple expressions in the entries. This leads
straightforwardly to a refinement of the polytope associated to the underlying tensor product
coupling, by introducing inequalities depending on (and hence incorporating) the dependence
on the affine level k. The procedure will be illustrated explicitly below.
To treat higher-genus fusion, we need to understand how loops appear at the level of our
diagrams. It is sufficient to focus on the “self-gluing” or tadpole:
❍❍✟✟✚✙
✛✘
(8)
The dual picture of ordinary (Feynman-like) graphs is shown in thinner lines. Let us consider
su(2) first, in which case the associated loop-gluing diagram is
0
0
1
(9)
It is stressed that it differs radically from the su(2) gluing root
G = 1 1
. .
. 1 −1
−1 1
. .
.
(10)
since it adds only one to the internal weight and not two. This discrepancy follows from the fact
that the Dynkin labels satisfy λ1+µ1+ν1 ∈ 2ZZ≥, so if two weights are changed simultaneously
and equally, we can only require an even change of the sum of the Dynkin labels.
In general, the number of independent loop-gluing diagrams is r – one for each of the Dynkin
labels that must be identified along the self-gluing. To keep the presentation simple, we list
here the three diagrams associated to su(4):
L1 =
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1 L2 =
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
0
0
0 L3 =
0
0
0
0
0
0
1
1
1
0
0
0
0
0
0
0
0
0
(11)
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The extension to higher rank is obvious. It amounts to introducing a diagram with ones in
a vertical line (when the triangle is tilted as in (11)), while all other entries are zero. The r
relevant vertical lines are the first, the third, the fifth, etc, when counting from the rightmost
vertex.
We are now in a position to discuss general genus-h N -point fusions. The only missing
information is how to assign explicitly a threshold level to a generic su(N) BZ triangle. As
already mentioned, that is known for N ≤ 4, so in the following we will focus on su(3) and
su(4). We will also allude to the straightforward but technically elaborate extension to higher
rank. For results on su(2), we refer to [3].
3 Higher-genus su(3) fusion
A generic su(3) BZ triangle may be written
m13
n12 l23
m23 m12
n13 l12 n23 l13
(12)
with outer constraints
m13 + n12 = λ1 n13 + l12 = µ1 l13 +m12 = ν1
m23 + n13 = λ2 n23 + l13 = µ2 l23 +m13 = ν2 (13)
The hexagon identities are
n12 +m23 = n23 +m12
m12 + l23 = m23 + l12
l12 + n23 = l23 + n12 (14)
of which only two are independent. The threshold level assigned to (12) is [7]
t = max{λ1 + λ2 + l13, µ1 + µ2 +m13, ν1 + ν2 + n13} (15)
Denoting the level of the affine su(3) by k, the affine condition
t ≤ k (16)
supplements the inequalities defining the tensor product polytope. Thus, the discretized volume
of the convex polytope defined by the inequalities in v
0 ≤ λ1 − λ2 − µ1 + ν2 + v, λ1 + µ1 − ν2 − v, λ2 − v, v, µ1 − v,
λ2 + µ2 − ν1 − v, −λ2 − µ1 + µ2 + ν1 + v, λ2 + µ1 − µ2 − ν1 + ν2 − v,
−λ1 + λ2 + µ1 − ν1 + ν2 − v,
k − λ1 + µ1 − µ2 − ν1 − v, k − λ1 + λ2 − µ2 − ν2 − v, k − ν1 − ν2 − v (17)
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is the fusion multiplicity N
(k)
λ,µ,ν . The choice of initial diagram D0 is implicitly given in (17),
and the volume is easily measured explicitly [4]. The dual Dynkin labels λi, µi and νi can be
written in terms of ordinary Dynkin labels as λ1 = 13(2λ1 + λ2) and λ
2 = 13(λ1 + 2λ2), and
similarly for µi and νi. The weights are subject to the condition
λi + µi + νi ∈ ZZ≥, i = 1, 2 (18)
Let us now consider genus-1 N -point su(3) fusion multiplicities N
(k,1)
λ(1),...,λ(N )
. There is a
threshold level associated to each participating triangle. Thus, there is a level-dependent in-
equality like (16) associated to each triangle. For h = N = 1, the tadpole (8) with outer weight
λ may be expressed as
D = D0 + vV −
2∑
i=1
liLi (19)
The associated convex polytope (in v, l1 and l2) is defined by
0 ≤
1
3
(2λ1 + λ2) + v,
1
3
(λ1 − λ2)− v, −
1
3
(λ1 − λ2)− v,
1
3
(λ1 + 2λ2) + v,
1
3
(λ1 − λ2)− v + l2, −v, v + l1, −v + l2,
k − λ1 − λ2 − l1 − l2 − v, k − λ1 − λ2 − v − l1, k −
1
3
(4λ1 + 2λ2)− l1 − l2 − v (20)
The explicit choice of initial diagram D0 is easily read off (20). It follows that the multiplicity
N
(k,1)
λ can be written in simplified form as
N
(k,1)
λ =
1
2
(min{λ1, λ2}+ 1)(k + 2−max{λ1, λ2})(k + 1− λ1 − λ2) (21)
with λ1 ∈ ZZ≥ and λ1 + λ2 ≤ k. The multiplicity N
(k,1)
λ vanishes if these conditions are not
satisfied. Note that λ1 ∈ ZZ≥ implies λ
2 ∈ ZZ≥.
We can use (21) to calculate the multiplicity of the genus-1 N -point fusion. It is convenient
to distinguish between even N and odd N . The reason for this is that the triangle corresponding
to the last point or outer weight λ(N ) can have two different orientations before it is glued to
the tadpole. The following diagram shows the genus-1 N -point fusion (in this example N is
assumed even):
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆ ✁
✟
✟
✟
✟
❍
❍
λ(1)
λ(2)
❆
❆
❆
❆
❆
✁
✁
✁
✁
✁
✁ ❆
λ(3)
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆ ✁
✟
✟
❍
❍
❍
❍ . . .
λ(4)
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆ ✁
✟
✟
❍
❍
λ(N )
❍❍❍❍❍
✟✟
✟✟
✟
✟
❍✧✦
★✥
(22)
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Let us introduce the parameter B counting – from the left of the diagram – the number of pairs
of triangles not involving λ(1), λ(2), λ(3) or λ(N ): N = 4 + 2B, i.e. B = 12(N − 4). We also
introduce the abbreviation
λ(1,m) = λ(1) + λ(2) + ...+ λ(m) (23)
The diagram associated to (22) may be written
D = D0 +
B+1∑
i=0
viVi +
B+1∑
j=1
ujUj −
B+2∑
k=1
skSk −
B+2∑
l=1
rlRl −
B+1∑
m=1
gmGm −
B+1∑
n=1
fnFn (24)
A V represents a virtual triangle associated to an upward-pointing triangle, with V0 being
associated to the leftmost triangle. Also labeling from the left, a U represents a virtual triangle
associated to a downward-pointing triangle. R and S are the gluing diagrams to the right of
an upward-pointing triangle, R being the upper one, while F and G are the gluing diagrams to
the right of a downward-pointing triangle, F being the upper one. The labeling is again from
left to right. This results in the following polytope-defining list of inequalities:
0 ≤ λ
(2)
1 + v0 − s1, s1 − v0, λ
(2)
2 − v0, k − λ
(2)
1 − λ
(2)
2 − λ
(1)
2 + r1 − v0
0 ≤ v0, λ
(1)
1 − v0, r1 − v0, k − λ
(1)
1 − λ
(1)
2 − λ
(2)
1 + s1 − v0
0 ≤ λ
(1)
2 + v0 − r1, λ
(2)
2 − v0 − r1 + s1, λ
(1)
1 − v0 + r1 − s1,
k − λ
(1)
2 − λ
(2)
2 − λ
(2)
1 − λ
(1)
1 + r1 + s1 − v0
...
0 ≤ λ
(2b+2)
1 + vb − sb+1, sb+1 − vb, λ
(2b+2)
2 − vb + gb,
k − λ
(1,2b+2)
2 − λ
(1,2b+2)
1 + rb+1 + sb+1 − vb + gb
0 ≤ vb − gb, λ
(1,2b+1)
1 − vb − gb + fb, gb − vb − fb + rb+1,
k − λ
(2b+2)
1 − λ
(1,2b+2)
2 − vb + fb + rb+1
0 ≤ λ
(1,2b+1)
2 + vb − fb − rb+1, λ
(2b+2)
2 − vb + fb − rb+1 + sb+1, λ
(1,2b+1)
1 − vb + rb+1 − sb+1,
k − λ
(1,2b+2)
1 − λ
(1,2b+1)
2 + gb + fb − vb + sb+1
0 ≤ λ
(2b+1)
2 + ub − fb, λ
(1,2b)
2 − ub − fb + gb, λ
(2b+1)
1 − ub + fb − gb + sb,
k − λ
(1,2b+1)
1 − λ
(1,2b+1)
2 + fb + gb − ub + rb
0 ≤ λ
(1,2b)
1 + ub − gb − sb, gb − ub − sb + rb, λ
(1,2b)
2 − ub − rb + sb,
k − λ
(1,2b)
1 − λ
(1,2b+1)
2 + sb + rb − ub + fb
0 ≤ ub − rb, λ
(2b+1)
1 − ub + rb, fb − ub, k − λ
(1,2b+1)
1 − λ
(2b+1)
2 − ub + gb + sb
...
0 ≤ λ
(N )
1 + vB+1 − sB+2, sB+2 − vB+1, λ
(N )
2 − vB+1 + gB+1,
k − λ
(N )
1 − λ
(1,N )
2 − vB+1 + fB+1 + rB+2
0 ≤ vB+1 − gB+1, λ
(1,N−1)
1 − vB+1 − gB+1 + fB+1, gB+1 − vB+1 − fB+1 + rB+2,
k − λ
(1,N )
1 − λ
(1,N−1)
2 − vB+1 + fB+1 + gB+1 + sB+2
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0 ≤ λ
(1,N−1)
2 + vB+1 − fB+1 − rB+2, λ
(N )
2 − vB+1 − rB+2 + sB+2 + fB+1,
λ
(1,N−1)
1 − vB+1 + rB+2 − sB+2, k − λ
(1,N )
1 − λ
(1,N )
2 − vB+1 + gB+1 + sB+2 + rB+2
0 ≤ λ
(N−1)
2 + uB+1 − fB+1, λ
(1,N−2)
2 − uB+1 − fB+1 + gB+1,
λ
(N−1)
1 − uB+1 − gB+1 + fB+1 + sB+1,
k − λ
(1,N−1)
2 − λ
(1,N−1)
1 − uB+1 + fB+1 + gB+1 + rB+1
0 ≤ λ
(1,N−2)
1 + uB+1 − gB+1 − sB+1, gB+1 − uB+1 − sB+1 + rB+1,
λ
(1,N−2)
2 − uB+1 + sB+1 − rB+1, k − λ
(1,N−2)
1 − λ
(1,N−1)
2 + fB+1 + sB+1 + rB+1 − uB+1
0 ≤ uB+1 − rB+1, λ
(N−1)
1 − uB+1 + rB+1, fB+1 − uB+1,
k − λ
(1,N−1)
1 − λ
(N−1)
2 + gB+1 + sB+1 − uB+1 (25)
Here b is a label defined in the interval 1 ≤ b ≤ B. The volume may be measured explicitly
expressing N
(k,1)
λ(1),...,λ(N )
as a multiple sum, with the appropriate order of summation:
N
(k,1)
λ(1),...,λ(N )
=
(∑
v0
∑
s1
∑
r1
)∑
b

∑
ub
∑
gb
∑
fb
∑
vb
∑
sb+1
∑
rb+1


×
∑
uB+1
∑
gB+1
∑
fB+1
∑
vB+1
∑
sB+2
∑
rB+2
N
(k,1)
λ(1,N )−sBα1−rBα2
(26)
According to (21), the summand N
(k,1)
λ(1,N )−sBα1−rBα2
may be expressed as
N
(k,1)
λ(1,N )−sBα1−rBα2
=
1
2
(
min{λ
(1,N )
1 − 2sB+2 + rB+2, λ
(1,N )
2 + sB+2 − 2rB+2}+ 1
)
×
(
k + 2−max{λ
(1,N )
1 − 2sB+2 + rB+2, λ
(1,N )
2 + sB+2 − 2rB+2}
)
×
(
k + 1− λ
(1,N )
1 − λ
(1,N )
2 + sB+2 + rB+2
)
(27)
The lower bounds on the summation variables are
v0 ≥ 0
s1 ≥ max{λ
(1)
1 + λ
(1)
2 + λ
(2)
1 + v0 − k, v0}
r1 ≥ max{v0, v0 − λ
(1)
1 + s1, λ
(2)
1 + λ
(2)
2 + λ
(1)
2 + v0 − k,
λ
(1)
2 + λ
(1)
1 + λ
(2)
2 + λ
(2)
1 − s1 + v0 − k},
b ≥ 1
ub ≥ rb
gb ≥ max{ub + sb − rb, λ
(1,2b+1)
1 + λ
(2b+1)
2 + ub − sb − k}
fb ≥ max{λ
(1,2b)
1 + λ
(1,2b+1)
2 − sb − rb + ub − k, λ
(1,2b+1)
1 + λ
(1,2b+1)
2 − gb + ub − rb − k,
ub, ub − λ
(2b+1)
1 + gb − sb}
vb ≥ gb
sb+1 ≥ max{vb, λ
(1,2b+2)
1 + λ
(1,2b+1)
2 − gb − fb + vb − k}
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rb+1 ≥ max{λ
(2b+2)
1 + λ
(1,2b+2)
2 + vb − fb − k, λ
(1,2b+2)
1 + λ
(1,2b+2)
2 − sb+1 + vb − gb − k,
vb − λ
(1,2b+1)
1 + sb+1, vb + fb − gb}
uB+1 ≥ rB+1
gB+1 ≥ max{λ
(1,N−1)
1 + λ
(N−1)
2 + uB+1 − sB+1 − k, uB+1 + sB+1 − rB+1}
fB+1 ≥ max{λ
(1,N−2)
1 + λ
(1,N−1)
2 − sB+1 − rB+1 + uB+1 − k, λ
(1,N−1)
1 + λ
(1,N−1)
2
−gB+1 + uB+1 − rB+1 − k, uB+1, uB+1 − λ
(N−1)
1 + gB+1 − sB+1}
vB+1 ≥ gB+1
sB+2 ≥ max{λ
(1,N )
1 + λ
(1,N−1)
2 + vB+1 − fB+1 − gB+1 − k, vB+1}
rB+2 ≥ max{λ
(1,N )
1 + λ
(1,N )
2 + vB+1 − gB+1 − sB+2 − k, vB+1 − λ
(1,N−1)
1 + sB+2,
λ
(N )
1 + λ
(1,N )
2 + vB+1 − fB+1 − k, vB+1 − gB+1 + fB+1} (28)
The upper bounds of the summation variables are
v0 ≤ min{λ
(1)
1 , λ
(2)
2 }
s1 ≤ λ
(2)
1 + v0
r1 ≤ min{λ
(1)
2 + v0, λ
(2)
2 − v0 + s1}
b ≤ B
ub ≤ min{λ
(2b+1)
1 + rb, λ
(1,2b)
2 − rb + sb}
gb ≤ λ
(1,2b)
1 + ub − sb
fb ≤ min{λ
(1,2b)
2 − ub + gb, λ
(2b+1)
2 + ub}
vb ≤ min{λ
(1,2b+1)
1 − gb + fb, λ
(2b+2)
2 + gb}
sb+1 ≤ λ
(2b+2)
1 + vb
rb+1 ≤ min{λ
(1,2b+1)
2 + vb − fb, λ
(2b+2)
2 − vb + fb + sb+1}
uB+1 ≤ min{λ
(1,N−2)
2 + sB+1 − rB+1, λ
(N−1)
1 + rB+1}
gB+1 ≤ λ
(1,N−2)
1 + uB+1 − sB+1
fB+1 ≤ min{λ
(1,N−2)
2 − uB+1 + gB+1, λ
(N−1)
2 + uB+1}
vB+1 ≤ min{λ
(N )
2 + gB+1, λ
(1,N−1)
1 − gB+1 + fB+1}
sB+2 ≤ λ
(N )
1 + vB+1
rB+2 ≤ min{λ
(1,N−1)
2 + vB+1 − fB+1, λ
(N )
2 − vB+1 + sB+2 + fB+1} (29)
The fusion multiplicity for N odd may be computed similarly. The associated diagram is
similar to the even case (22) except that the second triangle from the right is turned upside
9
down:
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆ ✁
✟
✟
✟
✟
❍
❍
λ(1)
λ(2)
❆
❆
❆
❆
❆
✁
✁
✁
✁
✁
✁ ❆
λ(3)
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆ ✁
✟
✟
❍
❍
❍
❍ . . .
λ(4)
✁
✁
✁
✁
✁
❆
❆
❆
❆
❆ ❆✁
✟
✟
❍
❍
λ(N )
❍❍❍❍❍
✟✟
✟✟
✟
✟
❍✧✦
★✥
(30)
In this case, we let B count the number of pairs of triangles not involving λ(1), λ(2) or λ(N ):
N = 3+2B, i.e. B = 12(N − 3). Listing the inequalities, we have the following convex polytope:
0 ≤ λ
(2)
1 + v0 − s1, s1 − v0, λ
(2)
2 − v0, k − λ
(2)
1 − λ
(2)
2 − λ
(1)
2 + r1 − v0,
0 ≤ v0, λ
(1)
1 − v0, r1 − v0, k − λ
(1)
1 − λ
(1)
2 − λ
(2)
1 + s1 − v0,
0 ≤ λ
(1)
2 + v0 − r1, λ
(2)
2 − v0 − r1 + s1, λ
(1)
1 − v0 + r1 − s1,
k − λ
(1)
2 − λ
(2)
2 − λ
(2)
1 − λ
(1)
1 + r1 + s1 − v0
...
0 ≤ λ
(2b+2)
1 + vb − sb+1, sb+1 − vb, λ
(2b+2)
2 − vb + gb,
k − λ
(1,2b+2)
2 − λ
(1,2b+2)
1 + rb+1 + sb+1 − vb + gb
0 ≤ vb − gb, λ
(1,2b+1)
1 − vb − gb + fb, gb − vb − fb + rb+1,
k − λ
(2b+2)
1 − λ
(1,2b+2)
2 − vb + fb + rb+1
0 ≤ λ
(1,2b+1)
2 + vb − fb − rb+1, λ
(2b+2)
2 − vb + fb − rb+1 + sb+1,
λ
(1,2b+1)
1 − vb + rb+1 − sb+1, k − λ
(1,2b+2)
1 − λ
(1,2b+1)
2 + gb + fb − vb + sb+1
0 ≤ λ
(2b+1)
2 + ub − fb, λ
(1,2b)
2 − ub − fb + gb, λ
(2b+1)
1 − ub + fb − gb + sb,
k − λ
(1,2b+1)
1 − λ
(1,2b+1)
2 + fb + gb − ub + rb
0 ≤ λ
(1,2b)
1 + ub − gb − sb, gb − ub − sb + rb, λ
(1,2b)
2 − ub − rb + sb,
k − λ
(1,2b)
1 − λ
(1,2b+1)
2 + sb + rb − ub + fb
0 ≤ ub − rb, λ
(2b+1)
1 − ub + rb, fb − ub,
k − λ
(1,2b+1)
1 − λ
(2b+1)
2 − ub + gb + sb
...
0 ≤ λ
(N )
2 + uB+1 − fB+1, λ
(1,N−1)
2 − uB+1 − fB+1 + gB+1,
λ
(N )
1 − uB+1 + fB+1 − gB+1 + sB+1,
k − λ
(1,N )
2 − λ
(1,N )
1 + gB+1 + fB+1 − uB+1 + rB+1
0 ≤ λ
(1,N−1)
1 + uB+1 − gB+1 − sB+1, gB+1 − uB+1 − sB+1 + rB+1,
λ
(1,N−1)
2 − uB+1 + sB+1 − rB+1, k − λ
(N−1)
1 − λ
(1,N )
2 + sB+1 + rB+1 − uB+1 + fB+1
0 ≤ uB+1 − rB+1, λ
(N )
1 − uB+1 + rB+1, fB+1 − uB+1,
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k − λ
(1,N )
1 − λ
(N )
2 − uB+1 + gB+1 + sB+1 (31)
As for N even, the volume may be measured explicitly expressing N
(k,1)
λ(1),...,λ(N )
as a multiple
sum, with the appropriate order of summation:
N
(k,1)
λ(1),...,λ(N )
=
(∑
v0
∑
s1
∑
r1
)∑
b

∑
ub
∑
gb
∑
fb
∑
vb
∑
sb+1
∑
rb+1


×
∑
uB+1
∑
gB+1
∑
fB+1
N
(k,1)
λ(1,N )−gB+1α1−fB+1α2
(32)
where the genus-1 1-point fusion multiplicity N
(k,1)
λ(1,N )−gB+1α1−fB+1α2
is
N
(k,1)
λ(1,N )−gB+1α1−fB+1α2
=
1
2
(
min{λ
(1,N )
1 − 2gB+1 + fB+1, λ
(1,N )
2 + gB+1 − 2fB+1}+ 1
)
×
(
k + 2−max{λ
(1,N )
1 − 2gB+1 + fB+1, λ
(1,N )
2 + gB+1 − 2fB+1}
)
×
(
k + 1− λ
(1,N )
1 − λ
(1,N )
2 + gB+1 + fB+1
)
(33)
The lower bounds of the summations are
v0 ≥ 0
s1 ≥ max{λ
(1)
1 + λ
(1)
2 + λ
(2)
1 + v0 − k, v0}
r1 ≥ max{v0, v0 − λ
(1)
1 + s1, λ
(2)
1 + λ
(2)
2 + λ
(1)
2 + v0 − k,
λ
(1)
2 + λ
(1)
1 + λ
(2)
2 + λ
(2)
1 − s1 + v0 − k}
b ≥ 1
ub ≥ rb
gb ≥ max{ub + sb − rb, λ
(1,2b+1)
1 + λ
(2b+1)
2 + ub − sb − k}
fb ≥ max{λ
(1,2b)
1 + λ
(1,2b+1)
2 − sb − rb + ub − k,
λ
(1,2b+1)
1 + λ
(1,2b+1)
2 − gb + ub − rb − k, ub, ub − λ
(2b+1)
1 + gb − sb}
vb ≥ gb
sb+1 ≥ max{vb, λ
(1,2b+2)
1 + λ
(1,2b+1)
2 − gb − fb + vb − k}
rb+1 ≥ max{λ
(2b+2)
1 + λ
(1,2b+2)
2 + vb − fb − k, λ
(1,2b+2)
1 + λ
(1,2b+2)
2
−sb+1 + vb − gb − k, vb − λ
(1,2b+1)
1 + sb+1, vb + fb − gb}
uB+1 ≥ rB+1
gB+1 ≥ max{λ
(1,N )
1 + λ
(N )
2 + uB+1 − sB+1 − k, uB+1 + sB+1 − rB+1}
fB+1 ≥ max{λ
(1,N−1)
1 + λ
(1,N )
2 − sB+1 − rB+1 + uB+1 − k,
λ
(1,N )
1 + λ
(1,N )
2 − gB+1 + uB+1 − rB+1 − k,
uB+1, uB+1 − λ
(N )
1 + gB+1 − sB+1} (34)
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The upper bounds of the summations are
v0 ≤ min{λ
(1)
1 , λ
(2)
2 }
s1 ≤ λ
(2)
1 + v0
r1 ≤ min{λ
(1)
2 + v0, λ
(2)
2 − v0 + s1}
b ≤ B
ub ≤ min{λ
(2b+1)
1 + rb, λ
(1,2b)
2 − rb + sb}
gb ≤ λ
(1,2b)
1 + ub − sb
fb ≤ min{λ
(1,2b)
2 − ub + gb, λ
(2b+1)
2 + ub}
vb ≤ min{λ
(1,2b+1)
1 − gb + fb, λ
(2b+2)
2 + gb}
sb+1 ≤ λ
(2b+2)
1 + vb
rb+1 ≤ min{λ
(1,2b+1)
2 + vb − fb, λ
(2b+2)
2 − vb + fb + sb+1}
uB+1 ≤ min{λ
(1,N−1)
2 + sB+1 − rB+1, λ
(N )
1 + rB+1}
gB+1 ≤ λ
(1,N−1)
1 + uB+1 − sB+1
fB+1 ≤ min{λ
(1,N−1)
2 − uB+1 + gB+1, λ
(N )
2 + uB+1} (35)
These results constitute the first explicit results for higher-genus N -point su(3) fusion mul-
tiplicities. For general h > 1, the polytope characterization of su(3) fusion multiplicities is
straightforward, but very cumbersome and will not be discussed explicitly here. In the next
section we will consider briefly the extension to su(N), while Appendix A contains details on
su(4).
We conclude this section by writing down a double-sum formula for the genus-2 0-point
su(3) fusion multiplicity. It is obtained by gluing two genus-1 1-point fusions (21) together, and
summing over the internal weight subject to the conditions following (21). We find
N (k,2) =
[k/2]∑
i=0
[(k−2i)/3]∑
j=0
(
1
2
(i+ 1)(k + 2− i− 3j)(k + 1− 2i− 3j)
)2
(36)
where [x] denotes the integer value of x, i.e. the greatest integer less than or equal to x.
This double sum may be summed explicitly, and we find that the genus-2 0-point su(3) fusion
multiplicity is a simple binomial coefficient in the affine level k:
N (k,2) =
(
k + 8
k
)
(37)
This is believed to be the first concise result on fusion multiplicities for r, h > 1.
4 On higher-genus su(N) fusion
Pending on the explicit assignment of threshold levels to true BZ triangles for N > 4, our
method allows us to characterize all higher-genus N -point su(N) fusion multiplicities by convex
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polytopes. Let us indicate how by considering the genus-h N -point diagram
✁
✁
✁
✁
❆
❆
❆
❆ ❆
❆
❆
❆
✁
✁
✁
✁
✟
✟
✟
❍
❍
❍
❍ · · ·
✁
✁
✁
✁
❆
❆
❆
❆ ❆
❆
❆
❆
✁
✁
✁
✁ ✁
✁
✁
✁
❆
❆
❆
❆
· · ·
❆
❆
❆
❆
✁
✁
✁
✁ ✁
✁
✁
✁
❆
❆
❆
❆
✁
✁
✁
✁
❆
❆
❆
❆
❆
❆
❆
❆
✁
✁
✁
✁
✁
✁
✁
✁
❆
❆
❆
❆
✟
✟
✟
❍
❍
❍
❍
❍✟
✟
❍
❍
❍❍
✟
✟
✫✪
✬✩
✫✪
✬✩
✫✪
✬✩
✫✪
✬✩λ(1)
λ(2)
λ(3)
λ(N )
(38)
In this particular example, N and h are assumed even.
For h,N > 0, the number of glued triangles is N + 2h − 2. Thus, assuming that the
assignment of threshold levels, tq, to the individual triangles, Tq, is known, we have the level-
dependent inequalities
tq ≤ k, q = 1, ...,N + 2h− 2 (39)
All other conditions follow from demanding that all entries must be non-negative integers. This
leads to
(N + 2h− 2)Er =
3
2
(N + 2h− 2)r(r + 1) (40)
level-independent inequalities. The entries and threshold levels are given in terms of an initial
diagram D0, the (N + 2h − 2)Hr virtual triangle parameters v, the (N + 2h − 3)r gluing
parameters g, and the hr loop-gluing parameters l. In a self-explanatory notation, we have
D = D0 +
N+2h−2∑
a=1
i+j=r∑
i,j=1
v
(a)
i,j V
(a)
i,j +
N+2h−3∑
a=1
r∑
i=1
g
(a)
i G
(a)
i +
h∑
a=1
r∑
i=1
l
(a)
i L
(a)
i (41)
The sign convention is immaterial. We see that the polytope is embedded in the Euclidean
space Rr((h−1)(r+2)+N (r+1)/2) .
The initial diagram D0 depends only on the N outer weights λ
(1),..., λ(N ). A convenient
choice is characterized by having vanishing entries to the right of the (N − 1)th triangle in (38)
(counting from the left). The entries of the remaining N − 1 (leftmost) triangles follow the
description of genus-0 (N + 1)-point diagrams in [2], with a vanishing (N + 1)th weight being
located on the triangle edge along which we just imagined the diagram (38) to be cut.
This concludes the characterization of genus-h N -point su(N) fusion multiplicities by poly-
topes. The discretized volume of the polytope associated to a generic higher-genus fusion
multiplicity is in general not straightforward to measure, and will not be addressed further
here. By construction, however, it gives the fusion multiplicity N
(k,h)
λ(1),...,λ(N )
.
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Of particular interest are the genus-1 0-point fusion multiplicities N (k,1), which depend
solely on the affine level k and the rank r of su(r + 1). They also provide a nice check of our
general picture. Our approach simplifies radically in that case. We are considering the tadpole
diagram (8) with vanishing outer weight for which there is no gluing, only a single loop gluing.
Thus, the parameters g in (41) vanish. Furthermore, the initial diagram D0 may be chosen to
have vanishing entries only. From the structure of the basis virtual triangles and loop-gluing
diagrams, it then follows that all the v parameters vanish as well. The associated polytope is
then characterized by the inequalities
0 ≤ l1, ..., lr , t(l1, ..., lr) ≤ k (42)
The threshold level t(l1, ..., lr) is now a function of the loop-gluing parameters only. In all
known cases, it is a first-order expression in the entries, cf. (15) and (49). It need not be linear,
though. Assuming that this first-order dependence generalizes to all su(N), we see that the
genus-1 0-point fusion multiplicity is polynomial in the level k, of degree less than or equal to
the rank r = N − 1. Let us list the lower-rank cases (see [3] for su(2), (21) for su(3), and (57)
for su(4)):
r = 1 : N (k,1) = k + 1
r = 2 : N (k,1) =
1
2
(k + 1)(k + 2)
r = 3 : N (k,1) =
1
6
(k + 1)(k + 2)(k + 3) (43)
It is natural to expect that for general rank, the fusion multiplicity is
N (k,1) =
(
k + r
r
)
(44)
Indeed, this is the result by the Verlinde formula:
N
(k,h)
λ(1),...,λ(N )
=
∑
σ∈P k+
(S0,σ)
2(1−h)
(
Sλ(1),σ
S0,σ
)
· · ·
(
Sλ(N ),σ
S0,σ
)
(45)
where P k+ is the set of integrable affine highest weights at level k. With N = 0 and h = 1,
N (k,1) counts the number of primary fields at level k, which is exactly (44).
5 Conclusion
We have provided a prescription for characterizing higher-genusN -point su(N) fusion multiplic-
ities as discretized polytope volumes. Our method is based on techniques of gluing BZ triangles
together to form multi-sided diagrams. In order to treat higher-genus fusion, we introduced a
complete basis of loop-gluing diagrams for all su(N). The remaining input is a knowledge of
threshold levels of the various couplings. The assignment of threshold levels to BZ triangles
is known for N = 2, 3, 4. We therefore put particular emphasis on su(3) and su(4), but also
discussed the general case, assuming that the issue of threshold levels was settled.
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An alternative approach to fusion discussed in [12] and based on [13, 14, 15, 16], amounts
to analyzing three-point functions in Wess-Zumino-Witten conformal field theory. Due to its
universal nature, this method allows one to treat other Lie algebras than su(N) as well. So far,
only lower-rank cases have been considered explicitly.
Related approaches to characterize fusion multiplicities by polytopes were considered in
[17, 18]. However, the complexity of all known methods increases rapidly with the rank of the
Lie algebra. It is therefore natural to expect that further progress will depend on novel insight,
or an ingenious hybrid of the existing techniques.
Finally, let us point out that all of our multiple-sum formulas for fusion multiplicities can be
rewritten as formulas for the so-called exponential sums of the corresponding polytopes. These
exponential sums are very important in polytope theory [19], and lead to the possibility that
our discrete polytope volume picture admits a sensible description in terms of residue formulas
(other fusion residue formulas have been written in [20]). We hope to report on this in the
future.
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A Higher-genus su(4) fusion
An su(4) BZ triangle is defined in terms of 18 non-negative integers:
m14
n12 l34
m24 m13
n13 l23 n23 l24
m34 m23 m12
n14 l12 n24 l13 n34 l14
(46)
related to the Dynkin labels by
m14 + n12 = λ1 n14 + l12 = µ1 l14 +m12 = ν1
m24 + n13 = λ2 n24 + l13 = µ2 l24 +m13 = ν2
m34 + n14 = λ3 n34 + l14 = µ3 l34 +m14 = ν3 (47)
The su(4) BZ triangle contains three hexagons with the associated constraints
n12 +m24 = m13 + n23 n13 + l23 = l12 + n24 l24 + n23 = l13 + n34
n12 + l34 = l23 + n23 n13 +m34 = n24 +m23 n23 +m23 = m12 + n34
m24 + l23 = l34 +m13 m34 + l12 = l23 +m23 l13 +m23 = l24 +m12
(48)
Only 6 of these 9 hexagon identities are independent. We can assign the threshold level to (46)
as follows:
t = max{λ1 + λ2 + λ3 + l14, µ1 + µ2 + µ3 +m14, ν1 + ν2 + ν3 + n14,
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λ1 + λ2 + l14 + l24 + n14, λ2 + λ3 + l14 + l13 +m14,
µ1 + µ2 +m14 +m24 + l14, µ2 + µ3 +m14 +m13 + n14,
ν1 + ν2 + n14 + n24 +m14, ν2 + ν3 + n14 + n13 + l14,
l14 +m14 + n14 + [
1
2
(λ2 + µ2 + ν2 + l23 +m23 + n23 + 1)]} (49)
The discretized volume of the convex polytope (in v1, v2 and v3) subject to the inequalities
0 ≤ v2, µ1 − v2, λ3 − v2, −v2 + v3, v1 − v2, µ2 + v2 − v3, λ2 − v1 + v2,
λ3 + v1 − v2 − v3, µ1 − v1 − v2 + v3, n1 − v3, n2 − v1 + v2 − v3, n3 − v1,
N1 + v3, N
′
1 − v3, N2 + v1 − v3, N
′
2 − v1 + v3, N3 − v1, N
′
3 + v1,
k − λ1 − λ2 − λ3 −N1 − v3, k − µ1 − µ2 − µ3 −N
′
3 − v1, k − ν1 − ν2 − ν3 − v2,
k − λ1 − λ2 −N1 −N2 − v1 − v2, k − µ2 − µ3 −N
′
2 −N
′
3 − v2 − v3,
k + λ3 − ν1 − ν2 − ν3 − v2 − v3, k + µ1 − ν1 − ν2 − ν3 − v1 − v2,
k − ν1 − ν2 −N
′
3 − v1 − v3, k − ν2 − ν3 −N1 − v1 − v3,
2k − λ1 + λ3 + µ1 − µ3 − ν1 − ν2 − ν3 − v1 − v2 − v3 (50)
is the fusion multiplicity N
(k)
λ,µ,ν . We refer to [4] for an explicit multiple-sum formula measuring
this volume. Here, the parameters are defined as follows:
n1 = λ
3 + µ3 − ν1
n2 = λ
2 + µ2 − ν2
n3 = λ
1 + µ1 − ν3
N1 = −n1 + µ3
N2 = n1 − n2 + µ2
N3 = n2 − n3 + µ1
N ′1 = ν1 −N1
N ′2 = ν2 −N2
N ′3 = ν3 −N3 (51)
where the dual Dynkin labels can be written as λ1 = 14(3λ1+2λ2+λ3), λ
2 = 14(2λ2+4λ2+2λ3)
and λ3 = 14(λ1 + 2λ2 + 3λ3). µ
i and νi are defined similarly.
Now we focus on the genus-1 1-point su(4) fusion. The method for finding the discretized
volume of the associated convex polytope is the same as for su(3). In this case we have 3
virtual triangles and 3 loop-gluing diagrams as shown in (11). For the genus-1 1-point fusion
this defines the diagram
D = D0 +
3∑
i=1
viVi −
3∑
j=1
liLi (52)
with associated convex polytope
0 ≤ λ1 + v2, −v2, −
1
4
(λ1 − 2λ2 − λ3)− v2 + v3,
16
k − λ1 − λ2 − λ3 + l1 − v1, k −
1
4
(7λ1 + 2λ2 + λ3) + l1 + l2 + l3 − v2
0 ≤
1
4
(λ1 + 2λ2 − λ3) + v2 − v3, −
1
2
(λ1 − λ3)− v3,
1
2
(λ1 + λ3) + v3,
k −
1
4
(5λ1 + 2λ2 + 3λ3) + l1 + l2 + l3 − v3, k − λ1 − λ2 − λ3 + l1 + l2 − v1 − v3
0 ≤
1
2
(λ1 − λ3)− v3 − l3, −
1
4
(λ1 − 2λ2 − λ3)− v3 + v1, v3 − v1 − l2,−v1,
k −
1
4
(6λ1 + 4λ2 + 2λ3) + l1 + l2 + l3 − v1 − v2,
k −
1
4
(6λ1 + 4λ2 + 2λ3) + l1 + l2 − v2 − v3
0 ≤ −l1 + v1, v2 − v1 − l2, −
1
4
(λ1 − 2λ2 − λ3) + v1 − v2,
k − λ1 − λ2 − λ3 + l1 + l2 − v2 − v3,
k −
1
4
(6λ1 + 4λ2 + 2λ3) + l1 + l2 + l3 − v1 − v3
0 ≤ −v2 − l3, v1 − v2 − v3 − l3, v2 − v1 − v3, v3 − v1 − v2,
k − λ1 − λ2 − λ3 + l1 + l2 − v1 − v3,
2k −
1
4
(10λ1 + 8λ2 + 6λ3)− v1 − v2 − v3 + 2l1 + 2l2 + l3 (53)
The fusion multiplicity N
(k,1)
λ can now be expressed as a multiple sum as follows:
N
(k,1)
λ =
∑
v3
∑
v2
∑
v1
∑
l1
∑
l2
∑
l3
1 (54)
The lower bounds of the summation variables are
v3 ≥ −
1
2
(λ1 + λ3)
v2 ≥ max{−λ1, −
1
4
(λ1 + 2λ2 − λ3) + v3}
v1 ≥ max{
1
4
(λ1 − 2λ2 − λ3) + v2,
1
4
(λ1 − 2λ2 − λ3) + v3}
l1 ≥ λ1 + λ2 + λ3 + v1 − k
l2 ≥ max{λ1 + λ2 + λ3 − l1 + v1 + v2 − k,
1
4
(6λ1 + 4λ2 + 2λ3)− l1 + v2 + v3 − k,
λ1 + λ2 + λ3 − l1 + v2 + v3 − k, λ1 + λ2 + λ3 − l1 + v1 + v3 − k}
l3 ≥ max{
1
4
(7λ1 + 2λ2 + λ3)− l1 − l2 + v2 − k,
1
4
(5λ1 + 2λ2 + 3λ3)− l2 + v3 − l1 − k,
1
4
(6λ1 + 4λ2 + 2λ3)− l1 − l2 + v1 + v2 − k,
1
4
(6λ1 + 4λ2 + 2λ3)− l1 − l2 + v1 + v2 − k,
1
4
(10λ1 + 8λ2 + 6λ3) + v1 + v2 + v3 − 2l1 − 2l2 − 2k} (55)
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The upper bounds of the summation variables are
v3 ≤ −
1
2
(λ1 − λ3)
v2 ≤ min{0, −
1
4
(λ1 − 2λ2 − λ3) + v3}
v1 ≤ min{0, v2 − v3, v3 − v2}
l1 ≤ v1
l2 ≤ min{v3 − v1, v2 − v1}
l3 ≤ min{v1 − v2 − v3, −v2,
1
2
(λ1 − λ3)− v3} (56)
Specializing to λ = 0, we work out the multi-summation and find the genus-1 0-point fusion
multiplicity
N (k,1) =
k∑
l1=0
k−l1∑
l2=0
k−l1−l2∑
l3=0
1 =
1
6
(k + 1)(k + 2)(k + 3) (57)
To conclude this section, we will state how the genus-2 0-point fusion multiplicity may be
characterized as the discretized volume of a polytope. In this case, the associated diagram can
be written as
D = D0 +
6∑
i=1
viVi −
3∑
j=1
gjGj −
6∑
k=1
lkLk (58)
The initial diagram D0 may be chosen to have only vanishing entries, and the associated convex
polytope becomes
0 ≤ v2 − g1, g2 − g1 − v2, v3 − v2 + g1 − g2,
k − v3 + g3 + l1 + l2 + l3, k − v1 + l1 + g1 + g3
0 ≤ v2 − v3 − g2 + g3, g2 − g3 − v3, v3 − g3,
k − v2 + g1 + l1 + l3, k − v1 − v2 + g1 + g3 + l1 + l2
0 ≤ g3 − v3 − l3, v1 − v3, v3 − v1 − l2,
k − v2 − v1 + g2 + l1 + l2 + l3, k − v2 − v3 + g1 + g2 + l1 + l2
0 ≤ v1 − l1, −v1, v2 − v1 − l2, v1 − v2,
k − v2 − v3 + g2 + g3 + l1 + l2, k − v1 − v3 + g2 + l1 + l2 + l3
0 ≤ g1 − v2 − l3, g2 − v2 − v3 − l3, −v1 − v2, −v1 − v3,
k − v1 − v3 + l1 + l2 + g1 + g3, 2k + g1 + g2 + g3 + 2l1 + 2l2 + l3
0 ≤ v4 − g1, g2 − g1 − v4, v5 − v4 + g1 − g2,
k − v6 + g1 + g3 + l4, k − v4 + g1 + l4 + l5 + l6
0 ≤ v4 − v5 − g2 + g3, g2 − g3 − v5, v5 − g3,
k − v5 + g3 + l4 + l5 + l6, k − v5 − v6 + g1 + g3 + l4 + l5
0 ≤ g3 − v5 − l6, v6 − v5, v5 − v6 − l5,
k − v5 − v6 + g2 + l4 + l5 + l6, k − v4 − v5 + l4 + l5 + g2 + g3
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0 ≤ v6 − l4, −v6, v4 − v6 − l5, v6 − v4,
k − v4 − v5 + l4 + l5 + g1 + g2, k − v4 − v6 + g2 + l4 + l5 + l6
0 ≤ g1 − v4 − l6, g2 − v4 − v5 − l6,−v6 − v4, −v6 − v5,
k − v4 − v6 + g1 + g3 + l4 + l5, 2k − v4 + g1 + g3 + 2l4 + 2l5 + l6 (59)
This is an example where measuring the discretized volume of the polytope requires analyzing
intersections of the polytope faces (in the terminology of [1], there is no appropriate order of
summation). That is in principle straightforward, but will not be carried out here.
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